The factorization in exclusive B decays: a critical look 



Zheng-Tao Wei 

Departamento de Fisica Teorica, Universidad de Valencia, 
E-46100, Burjassot, Valencia, Spain 

I review the theoretical ideas and concepts along the line of factorization in the exclusive B decays. In order to understand 
the naive factorization, the effective field theories and the perturbative method of QCD are introduced and developed. We 
focus our discussions on the large energy effective theory, the QCD factorization approach and the soft-coUinear effective 
theory. 



1 Introduction 

The exploration of CP violation and determination of 
the Cabibbo-Kobayashi-Maskawa (CKM) matrix ele- 
ments motivate extensive interests of B meson decay. 
From another point of view, B decays provide a good 
place to study the fruitful dynamics of QCD. Up to 
now, we have not a truly successful method to cal- 
culate the non-perturbative QCD and the mechanism 
of quark confinement is still unknown. The study of 
exclusive B decays is usually difficult because of the 
complicate QCD dynamics. However, the experiments 
from the Belle and Babar collaborations have accumu- 
lated and will continue to accumulate a large amount 
of data of B decays. The large theoretical uncertain- 
ties cannot compete with the more precise experimen- 
tal data. We come to one stage that experiment goes 
ahead of theory. The theorists in B physics have to 
meet great challenge from the experiment. 

The problem of exclusive B decays lies in a very large 
number of degrees of freedom. The experiment ob- 
serves the hadron states such as B meson and pion, 
kaon etc. In the QCD Lagrangian, only quark and 
gluon degrees of freedom appear. We don't know ac- 
curately how the hadron are formed by quarks and 
gluons. From the energy scale standpoint, the B de- 
cays usually contain many scales: the weak interaction 
scale mw, the b quark mass rrib, the QCD scale Aqcd 
and possible intermediate scales due to the soft spec- 
tator quark in B meson. The momenta of quarks or 
gluons are not restricted. They can be highly virtual, 
very soft or highly energetic but coUinear to the fast 
moving pion. The fact that we have to treat all the 
degrees of freedom in one process if we think QCD is 
the correct theory of strong interaction leads to great 
theoretical complications. 

One method to treat the multi-scales problem is fac- 
torization. The factorization is a key ingredient of 
perturbative QCD (pQCD) [HEl- Its basic idea is 
to separate the short-distant dynamics from the long- 



distance physics. It has been widely used in the hard 
QCD processes where the large momentum transfer 
Q ^ Aqcd is involved. Another method is the effec- 
tive field theory. It is a useful toll to study the process 
with several separate scales. The heavy quark effective 
theory (HQET) is a low energy effective theory. It 
allows model-independent predictions in some cases of 
the heavy meson system, such as B ^ D form factor 
at zero recoil. The developments of the two methods 
are nearly independent although some ideas in them 
are related. As we will show that these two lines of 
thought converge in the study of exclusive B decays,. 

The factorization had been introduced in exclusive B 
decays for a long time. The old form which we call the 
naive factorization approach is to divide a hadronic 
matrix element into the multiplication of a form fac- 
tor and hadron decay constant. This idea influences 
B physics for more than 30 years. Much efforts were 
done to interpret and generalize it. Now, the idea of 
factorization has been developed as a central idea of 
B physics. In this talk, we will discuss the theoreti- 
cal struggle of studying the exclusive B decays along 
the line of factorization. The success and limitations 
of each theoretical approach will be analyzed. We are 
focus on the conceptual developments from the naive 
factorization approach to the QCD factorization ap- 
proach. We will show how the effective field theory 
enters into B physics and modifies our view. 

2 The naive factorization approach 
and the large energy effective theory 

The first thing to do in B decays is to integrate out 
the heavy degrees of freedom of W, Z bosons and top 
quark in the standard model. The method is to con- 
struct an effective theory where the above heavy par- 
ticles do not appear. The theoretical technic is mature 
now. It uses the operator product expansion (OPE) 
and renormalization group equation (RGE). For non- 
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leptonic B decays, the relevant effective weak Hamil- 
tonian is 

He// = ^E^CKMa(M)Q.. (1) 

where is the Fermi constant and Qi are current- 
current operators. The scale /x is chosen of order of 
nib- The amplitude of i? ^ M1M2 decay is 

A(S^AfiAf2) = ^^V3KM 
^ i 

xQ{fi){MiM2mB){fi). (2) 

where {MiM2\Qi\B) are hadronic matrix elements. 
The remained work is to calculate the hadronic matrix 
element. 

2.1 The naive factorization approach 

The introduction of factorization to simplify the the 
hadronic matrix element may be firstly given in up 
to knowledge of the author. I cannot trace out this his- 
tory but refer to [E] as our start of discussion. Bauer, 
Stech and Wirbel consider the non-leptonic two me- 
son decays where the final mesons are energetic. They 
made assumptions that only the asymptotic part of 
the hadron field is effective and the current are propor- 
tional the hadron field. All the initial state interaction 
and final state interactions are neglected. Based on the 
above assumptions, one hadron and its associated cur- 
rent are separated out. The hadronic matrix element 
is factorized into a multiplication of decay constant 
and the form factor which represented by the matrix 
element of the other current. Take tt+tt^ decay 

as an example, 

(7r+^-|(w6)v-A(d7/)v-A|5°) = 

(tT- I (Ju) V- A |0) {7T+ I (ft&) V- A 1 5") . (3) 

The idea of the above factorization is simple but it has 
a deep influence. The application of the above naive 
factorization approach into the non-leptonic two body 
B decays is successful in early days of B physics when 
the experimental data are rare. For a long time, this 
approach is nearly the only method to give a theo- 
retical prediction of exclusive non-leptonic B decays 
although the accuracy is at the qualitative level for 
many processes. 

The factorization approach plays a similar role as the 
Feynman's parton model in DIS, we can call this naive 
approach as the parton model in B physics. One might 
expect that the factorization is a limit case of a more 
general theory. The understanding of the factorization 
from field theory of QCD is a long way. The first step 



comes from Bjorken's intuitive space-time picture 
It is Bjorken who proposed the famous scaling in DIS 
which lead to the rise of QCD. For i?° tt+tt^ decay, 
the quark level decay is b ^ u + ud. In order to form 
the final energetic hadron, the quark pair ud has to 
choose a nearly collinear configuration. Because the 
pions move fast, the formation time of vr^ will be long 
because of the relativistic time-dilation. The dilation 
ratio is TO6/Aqcd ~ 20. That means the hadroniza- 
tion occurs 20 fm away from the remained system. 
Before the hadronization, the ud quark pair produced 
from the pointlike, color-singlet weak interaction is a 
a small color dipole. The small color dipole has little 
interaction with the other quarks. The above consider- 
ation is usually called "color transparency argument" . 
From the above argument, one may guess that the fac- 
torization approach is the leading order contribution 
of heavy quark limit where rrif, 3> Aqcd and the non- 
factorizable corrections come from the interactions of 
small color dipole with the remained quarks at short 
distance. 

What is color transparency? It is a concept outside 
of B physics. According to the discussions in the 
color transparency is a phenomenon of pQCD It 
says that a small color-singlet object can pass freely 
through nucleon target as if the target is transparent. 
The large target acts as a filter which removes the 
large transverse separation component of the hadron. 
The 13^ — > D~^'K~ decay provides a similar environ- 
ment. B D transition is at long distance. The 
energetic 7r~ selects the ud quark pair at small trans- 
verse separations. The long distance processes caused 
by emitting or absorbing soft gluons have destructive 
effects and cancel. 

In Politzer and Wise apply the pQCD method into 
the exclusive processes in _D+7r~ decay. They 

proposed a factorization formula that the hadronic 
matrix element can be written as the product of a 
matrix element of B and D mesons in HQET and a 
convolution by a hard scattering amplitude T and the 
pion distribution amplitude (f>Tr{x) as 

{D+n-\{cb)v-A{du)v^A\B") = (i?+|(c„6,0v-A|5°) 

X / dx T{x,mc/mb,n)(t)n{x,fJ.).s (4) 
Jo 

where Cy,by> are effective fields for heavy quarks in 
HQET. They point out the above factorization formu- 
lae is the leading order result in Aqcd/^6- One loop 
calculate is done and the result show as correction 
to leading contribution is small. However, they don't 
give proof of the factorization. 
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2.2 The large energy effective theory 

The success of HQET motivates theorists to use ef- 
fective field theory into wider range of appUcation. 
Dugan and Grinstein had a new idea to estabhsh a 
foundation for factorization on the effective field the- 
ory. They use the effective field theory to replace 
the intuitive "color transparency argument" . In [ El , 
Dugan and Grinstein proposed a large energy effective 
theory (LEET) to describe the interaction of the ener- 
getic collinear quark with soft gluons. They consider 
one kinematic case that the energy of the collinear 
quark is much lager than the momentum of soft gluon, 
i.e., E Aqcd- The central idea in LEET is that the 
energy of the collinear quark is unchanged which is 
analogous to the velocity supersclcction rule in HQET. 
The LEET is very similar to the HQET. The LEET 
Lagrangian is 

Cleet = i'^in ■ Dil). (5) 

where n is a light-like vector which the direction 
is along the motion of the collinear quark and the 
collinear field tp satisfies yiV = 0. 

If we choose the light-cone gauge n ■ A — 0, the soft 
gluons decouple from the collinear and factorization 
is a trivial result. From this point of view, the color 
transparency is explained by that only the longitudinal 
gluons couple to the collinear quark and thus decouple. 
Although the proof of factorization in this way is too 
simple to be correct, the LEET is very impressive. 
It provide a new view of factorization. In pQCD, the 
diagrammatic analysis is the most familiar method 
to prove factorization. The LEET provide an operator 
description and the result is automatical to all orders. 
The proposal of an effective Lagrangian permits us 
to use gauge symmetry at the Lagrangian level. The 
proof of factorization can be easily done in a gauge 
invariant way, i.e., we need not have to choose the 
light-cone gauge n- A = Q. As we will show, the LEET 
is one part of the soft-coUinear effective theory. The 
LEET Lagrangian given in Eq. ^ is just the leading 
order result. 

The biggest problem of the LEET is that it cannot re- 
produce the long-distance physics of QCD. The reason 
is simple because it misses the collinear gluon degrees 
of freedom. Without collinear gluon, the collinear 
quark pair ud can not form the energetic bound state 
TT~ . The neglect of collinear gluon is pointed out in 
[ llt)|. Aglietti and Corbo point out one problem of 
LEET and modify the LEET by including the trans- 
verse degrees of freedom [ ^] . The improved LEET 
Lagrangian is given by 

C^^:^ Un-D+^\^j. (6) 



where E is the energy of the collinear quark. In this 
modified version, the collinear gluon is still missing. 
The effective theory which includes the collinear gluon 
is more complicated than Eq. © because the energy 
E is not conserved. Except the missing of the collinear 
gluon degrees of freedom, both the LEET and its mod- 
ified version have the problem that there is no system- 
atic power counting to support them. They have to 
wait for the next step development. 

3 The QCD factorization approach 
and the soft-colhnear effective the- 
ory 

The application of the pQCD method in [E] into the 
exclusive B decays had been explored by many the- 
orists. There are several different perturbative ap- 
proaches appeared in the literatures. Due to the scope 
of this review, we focus our discussions on the recently 
proposed QCD factorization approach in [ 1111 112| . 

3.1 The QCD factorization approach 

Beneke, Buchalla, Neubert and Sachrajda want to es- 
tablish a rigorous framework for the exclusive non- 
leptonic B decays. The basic idea of the QCD factor- 
ization approach is that in the heavy quark limit the 
naive factorization is the lowest order approximation 
and the corrections to the naive factorization can be 
formulated as a factorization form up to corrections of 
order AqcD/^T-f,. The heavy quark limit rrib ^ Aqcd 
is the kinematic foundation of the QCD factorization 
approach. For — > tttt decay, the factorization for- 
mula is 

(TTTTlQilSO) = F^^Q) f dx Tl{x)Mx) 
Jo 

+ [ didxdyTl\i,x,y)M£,)4>A^)4>Ay)- (7) 
Jo 

where F^'^ is a i? ^ tt form factor at =0, 4>Tr{B) are 
light-cone distribution amplitudes of the pion and B 
meson. The T^^^^^^ are perturbatively calculable hard 
scattering kernels. Compared to Eq. Q), the differ- 
ence lies in the second term due to the hard spectator 
correction. 

Ref. [ El can be considered as a systematic intro- 
duction of the pQCD method into B physics for the 
first time. In [fT2). a power counting is used to argue 
the validity of the QCD factorization approach. This 
power counting largely uses the endpoint behavior of 
the distribution amplitudes of mesons. Annihilation 
diagrams and higher Fock states of the mesons are 
proved to be power suppressed. The hard spectator 



4 



interaction in B*^ D^tt decay is suppressed if one 
assumes c quark is heavy. 

The vahdity of factorization can not be based on the 
intuitive arguments only. It should be proved to all 
orders that all the soft and coUinear divergences cancel 
or can be absorbed into the universal non-perturbative 
functions and the hard scattering kernels are infrared 
insensitive. For B — s- tttt decays, the factorization is 
proved to hold in as order. But it is not sufficient 
to guarantee the validity of factorization because all 
the soft and coUinear divergences cancel is not general. 
The general case is that the infrared divergences may 
not cancel but they can be separated out and absorbed 
into the definition of the non-perturbative functions. 
Up to now, the factorization beyond as order in _B — s- 
TTTT decays has not been truly proved. 

In [EI) the factorization proof for B Dn decays 
at two-loop order is given. Two-loop order is equiva- 
lent to order because the hard spectator interaction 
is power suppressed for the heavy-light final states. 
The authors consider 62 "non-factorizable" diagrams 
at two loop order. Maybe their two loop order proof 
of factorization is the most detailed analysis in the 
literatures up to my knowledge. The eikonal approxi- 
mation and the Ward identity are used implicitly. At 
two-loop order, the infrared divergences in the soft- 
soft, soft-collinear and coUinear-coUinear momentum 
regions cancel. The hard-coUinear and hard-soft con- 
tributions contain non-cancelling infrared divergences. 
They can be factorizaed out and absorbed into the 
definition of distribution amplitude and form factor 
respectively. The proof of factorization in the dia- 
grammatic analysis is intuitive, but it is impossible to 
go to all orders. A factorization proof of all orders is 
necessary. 

3.2 The soft-collinear effective theory 

From the LEET, we know that the effective field the- 
ory can simplify the analysis of the infrared physics 
and the factorization in it is automatic to all orders. 
One natural idea is: can we construct an effective field 
theory for the soft and coUinear particles which repro- 
duce all the infrared physics of QCD and can simplify 
the factorization proof? 

Bauer el al. aim at developing a soft-collinear effec- 
tive theory by generalizing the idea of LEET. They 
start from the study of summing Sudakov double log- 
arithms in inclusive B decay. For B — > X^j 
decay near the endpoint of the photon spectrum, it 
contains energetic light particle. The Sudakov double 
logarithms will appear in one loop order due to the 
non-cancellation of the soft and coUinear divergences. 
The large double logarithms make the perturbation 
expansion ill-behaved and need to be resumed to all 



orders. The Sudakov resummation is usually consid- 
ered as an important but difhcult part in the conven- 
tional pQCD method. By matching the full theory 
to a new effective theory, the large logarithms cancel 
and the Sudakov doule logarithms are summed by us- 
ing the renormalization group equations [ llHj . One 
important thing is that Sudakov resummation in the 
effective theory is simpler than that in the full theory. 

The analysis in [ 02] also shows another important 
thing that the effective field theory can be used in 
the case where the Wilson's short-distance operator 
product expansion (OPE) is not applicable. The idea 
is matching the full theory onto the effective theory 
where the effective operators provide the long-distance 
information of QCD. To this externt, the effective field 
theory develops the idea of OPE. 

The formalism of the soft-collinear effective theory is 
provide in [El- At this stage, only the ultrasoft gluons 
are included. The lowest order effective Lagrangian is 
written by 



in^ ■ D + il 



1 



'c±- 



in+ ■ Dr 



(8) 



where in^ ■ D = in^ ■ d + gn^ ■ {Ac + A„s), m+ • Dc = 
V + gn+ ■ Ac, ilpci^ ~ 'P± + gAc± and ri_, 7i+ are two 
light-like vectors. Because the formulation is given in a 
hybrid position-momentum space. A momentum label 
operator V has to be introduced because the large mo- 
mentum is not conserved. Beneke, Chapovsky, Diehl 
and Feldmann developed a position space formalism 
in order to avoid the complicate momentum label op- 
erator in [ITt). 

In [ El J I propose a soft-collinear effective theory 
which includes the soft gluons in the position space. 
The final SCET Languagian is 



GET 



in^ ■ D 



I 



D 



d 



where the covariant derivative is defined by D 
igAc - igA(^u)s- 

From the above effective Lagrangian, it is easy to ob- 
tain the (ultra)soft and coUinear Wilson lines. The 
SCET has rich symmetry structures. The Lorentz and 
gauge invariance are interesting in SCET. There is a 
new symmetry, scale symmetry. This symmetry pro- 
vide an interpretation of the Bjorken's scaling and the 
scaling law in high energy scattering. 

The application of SCET to prove the factorization 
in _B ^ Dtt decays is given in [ El El ■ I give a 
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factorization proof in DIS in [^] and SCET can also 
be applied into multi-body B decays, such as i? ^ 
DKK decays [il9). 

4 The questions about the QCD fac- 
torization approach 

Although SCET provides a new theoretical frame- 
work, the practical calculations of exclusive B decays 
still rely on some factorization formulae, such as the 
QCD factorization approach. By use of this opportu- 
nity, I want to express my personal opinions on the 
QCD factorization approach. I will ask some concep- 
tual questions about it. 

I. Is the factorization in B — > tttt decays proved? 

As we have discussed above, the factorization in 
B — > TTTT decays is given only at as order. This is 
not sufficient for the validity of factorization. We 
can say that the QCD factorization approach has not 
been proved as a "theory". Even for B — > Dtt de- 
cays, the factorization are based on some kinemati- 
cal assumptions, such as m?, ~ tUc —^oooT the ratio 
mb/rric is fixed. The real world is: nib ~ 4.5GeV, 
rric ~ l.SGeV ^ mi, Aqcb- Although one can as- 
sume a limit case for the theoretical purpose, the rela- 
tion between the ideal world and the real world needs 
to be explored. 

II. Is the QCD factorization approach correct in the 
nib oo limit? 

This question is related to the first question. This 
time we will not concern the technical complications 
about the factorization proof but the general argument 
of factorization. The argument is Bjorken's "color 
transparency" . One strange thing for me is why the 
color transparency can be applied for one pion but not 
for another pion in B ^ tttt decays. The two pions 
are both energetic and have the same momentum in 
the rest frame of B meson, but they are treated un- 
equally. The factorization formula in Eq. contains 
two terms, one is related to the naive factorization ap- 
proach, the other likes the hard scattering approach. 
The two different terms make the factorization formula 
un-natural. One associated problem is: the renormal- 
ization scale /x in first term is at order of mf,, while in 
the next term ^ nib Aqcb- There are two large 
scales in B — > TTTT decays. So it is a multi-scales prob- 
lem. My oppinion is that we should be more serious 
about his problem. 

III. Is _B ^ TT form factor baisc? 

This is a very controversial topic. In the QCD fac- 
torization approach, it is assumed as a basic func- 
tion. But this function is different from other funda- 
mental non-perturbative QCD fucntions such as the 



Isgur-Wise function, pion distribution amplitudes etc. 
_B — > TT form factor is not and can not be repre- 
sented as a dimensionless function. From the soft- 
collinear effective theory which is scale invariant, the 
basic non-perturbative functions should be dimcnsion- 
aless except the dependence on the renormalization 
II. The B ^ TT form factor does not satisfy this cri- 
terion. In fact, _B — > TT form factor contains very 
complicate QCD dynamics which includes scales of 
'Tib, y^TObAqcD and scales between -^mb Aqcd and 
Aqcd- From this point of view, the QCD factoriza- 
tion seems more like a phenomenological "approach" 
rather than a "theory" . 

5 Conclusions 

We have reviewed the theoretical developments from 
the naive factorization approach to the soft-coUinear 
effective theory. In order to understand the factoriza- 
tion in exclusive B decays, new ideas and new theories 
or approaches are produced. The soft-coUinear effec- 
tive theory is a rigorous theory. It provides a theoret- 
ical foundation of the factorization theorem in pQCD 
and a unified framework to study the inclusive and 
exclusive hard QCD processes. The soft-collinear ef- 
fective theory is the second theoretical contribution of 
B physics to QCD. The first is HQET. 

The QCD factorization approach can not solve the full 
complications of exclusive B decays. The application 
of the soft-collinear effective in B decays is still lim- 
ited because the momentum of quarks in hadrons de- 
pend on the non-perturbative dynamics for exclusive 
processes. The final solution of B decays must rely 
on the solution on the quark confinement and non- 
perturbative problems. If these fundamental problems 
of the strong interaction were solved by the theorists 
in B physics, it will not be a miracle. This is the great 
challenge of B physics. 
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